In this paper we continue our investigation of generalized power series. The main theorem determines rings of generalized power series which are Von Neumann regular rings and semisimple rings. In the final section we give a new proof of Neumann's theorem on skewfields of generalized power series with totally ordered group of exponents. Using a result of w x Erdos and Rado, we deduce a simple proof of a theorem in 1 , which isp roven here also for skewfields. It is my pleasure to thank C. U. Jensen and K. R. Goodearl for useful comments while this paper was in preparation.
ORDERED SETS

Ž
. Ž The ordered set S, F is said to be artinian resp. noetherian, resp. . Ž narrow if it does not contain any infinite strictly descending subsets resp. any infinite strictly ascending subsets, resp. any infinite trivially ordered . subsets . A set which is artinian and narrow is also called a quasi-wellordered set.
A totally ordered set is artinian if and only if it is well-ordered. The following facts are well-known: ( ) Ž .
An ordered set S, F is finite if and only if it is noetherian, artinian, and narrow.
( ) Ž . We note that if F , FЈ are orders on S such that s F t implies s FЈt for any s, t g S, and if T is a subset of S which is artinian and narrow with respect to F , then it is also artinian and narrow with respect to FЈ.
Let S, F be an ordered set. The following conditions are equi¨a-lent:
( ) Ž . 1 S,
ORDERED MONOIDS
Ž
. Let S, q be a monoid with a neutral element 0. Let F be an order Ž . relation on S. S, q, F is an ordered monoid if the following conditions are satisfied: if s F sЈ then s q t F sЈ q t and t q s F t q sЈ for all s, sЈ, t g S. The order is strict when s -sЈ implies s q t -sЈ q t and t q s -t q sЈ for all s, sЈ, t g S. A monoid S endowed with a compatible strict total order is cancellati¨e if s q t s sЈ q t or if t q s s t q sЈ then s s sЈ.
We shall require the following well-known fact: The order F on S is said to be subtotal when for any s, t g S there exists an integer k G 1 such that ks F kt or kt F ks. If S is commutative group, the order F is subtotal if and only if for every s g S there exists k G 1 such that ks G 0 or ks F 0.
Let F be a subtotal order on the commutative monoid S. We define the binary relation FЈ on S by letting s FЈt whenever there exists an integer k G 1 such that ks F kt. If S is a torsion-free commutative monoid, then FЈ is a compatible total order, finer then F , that is, if s F t then s FЈt.
REGULAR RINGS
Ž
. Let R be a ring with unit element 1. R is said to be a Von Neumann regular ring when for every x g R there exists y g R such that xyx s x.
A cartesian product of regular rings is a regular ring. Every semisimple ring is regular. Proof. It is well known that if R is semisimple then it is regular and each set of non-zero mutually orthogonal idempotents is finite. The Ž w x . converse is due to Kaplansky see Goodearl 3, Corollary 2.16 .
GENERALIZED POWER SERIES
Ž
. Ž . Let S, q, F be a strictly ordered monoid and let R, q, и be a ring. It is not assumed that S is abelian, nor that R is commutative.
If
Ž . Let A be the set of all f : S ª R such that supp f is artinian and narrow. A is a subgroup of the additive group of all mappings from S to R with Ž . Ž . Ž . pointwise addition, because supp f q g : supp f j supp g and the union of two artinian and narrow subsets of S is again artinian and Ž . narrow. The mapping 0: S ª R with 0 s s 0 for all s g S is the neutral Ž .
Proof. It is trivial when k s 1, so we assume that k G 2. If X is Ž . infinite, there exists j, 1 F j F k, such that the jth projection pr X is j Ž .
Ž . infinite. By renumbering, we assume that pr X is infinite. Since pr X 1 1 Ž . Ž . : supp f , it is artinian and narrow and by 1.1 , there exist t , t , . . . g Ž . Ž . pr X with t -t -иии . For each j we choose t , t , . . . , t g X.
Ž . artinian and narrow. By 1.2 , there exists j -j -иии such that t F t
q иии qt s s, which is absurd.
If f, g g A, we define the mapping fg: S ª R as
Note that there are only finitely many non-zero summands. If fg s / 0,
Ž . supp fg : supp f q supp g , thus by 2.1 , supp fg is artinian and narrow, hence fg g A. This defines a binary operation of multiplication on A.
It is routine to verify that the operation is associative, right and left distributive with respect to the addition. Moreover, the unit element of A Ž . Ž . is e: S ª R given by e 0 s 1, e s s 0 for all s g S, s / 0. Ž . Thus A, q, и is a ring, called the ring of generalized power series, with ww S, F xx coefficients in R and exponents in S. We use the notation A s R . Ž . The special case where R is a commutative ring and S, q, F is a strictly Ž w ordered monoid has been introduced and studied in several papers see 6, x. 7, 1 .
We shall require the following remark. Assume that F , F Ј are compatible orders on the monoid S such that if s F t then s FЈt; then
For each f g A, f / 0, supp f is non-empty artinian and narrow. Let Ž .
Ž . Ž . f denote the set of minimal elements of supp f . If S, F is totally Ž . ordered, then f consists of only one element, which is still denoted by Ž . f .
Ž .
If n G 1 and R is a ring, let M R denote the ring of all n = n n= n matrices with entries in R. We have the following canonical isomorphism: Ž . Ž . equal to f : S ª R, defined by f s sf s . We have
Ž . It is clear that is a bijection and also that f q g s f q g . Ž .
Ž . Ž . Now we verify that fg s f g : For every i, j s 1, . . . , n and s g S we have fg s s fg s
On the other hand
Ž . Ž . We conclude that fg s f g and is a canonical ring isomorphism.
We indicate conditions for A to be a skewfield. Neumann showed, using Ž .
:
( ) 4.4 Assume that the order on S is total. Then A is a skewfield if and only if R is a skewfield and S is a group.
We shall give in Section 6 another proof of this theorem, not involving Ž . w x 2.2 . The above result was extended by Elliott and Ribenboim 1 for the Ž . case when R is commutative. The proof involved 2.3 and holds also when R is not commutative:
( ) 4.5 Assume that S is a commutati¨e monoid. Then A is a skewfield if and only if R is a skewfield, S is a torsion-free group, and the order F on S is subtotal.
REGULAR AND SEMISIMPLE RINGS OF GENERALIZED POWER SERIES
We prove our main theorem:
Ž . Ž . 5.1 THEOREM. Let R be a ring with unit element 1 and let S, q, F be ww S, F xx a strictly ordered monoid, A s R . Assume the following:
1Њ There exists an artinian and narrow subset T of S which is infinite Ž . hence the order on S is not tri¨ial .
Ž . 2Њ If the order on S is not total, then S is commutati¨e and torsion-free.
Then the following conditions are equi¨alent:
Ž . b If S is commutati¨e, the order on S is subtotal; if S is non-commutati¨e, the order on S is total.
Ž . c R is a regular ring. Ž . there exist n -n such that yn s F yn s, so n y n s F 0. In case iii , g 0 q g s / 0, g s q g 2s / 0, g 2 s q g 3s / 0 , . . . , Ž . so there exist integers 0 -n -n -n -иии such that g n s / 0 for all
Ž . d E¨ery set of non-zero mutually orthogonal idempotents of R is
Ž . g ys /0 then ys, y2 s, y3s, . . . g supp g and as before there exist Ž . n -n such that n y n s F 0. This shows the order on S is subtotal.
c R is a regular ring: Let a g R, a / 0 and let f : S ª R be given by Ž .
Ž . f 0 s a, f s s 0 for every s g S, s / 0. By hypothesis, there exists g g A Ž . Ž .Ž . Ž . such that fgf s f. Then a s f 0 s fgf 0 s ag 0 a, so R is a regular ring.
Ž . Ž . d Part 1 We show that there exists an artinian and narrow subset T : S such that if M is a set of non-zero mutually orthogonal idempotents < < < < of R, then M -T . If this is not true, for every artinian and narrow < < < < subset T of S, there exists a set M as indicated, with T F M . By hypothesis we may choose T to be infinite. There exists an injective map Ž . Ž . : T ª M. Let f : S ª R be defined by f t s t for every t g T and
Ž . Ä < 4 supp g , so yt t g T is artinian and narrow. Hence T is noetherian; but Ž . T is artinian and narrow, so T is finite by 1.1 , and this is a contradiction.
Ž . Ž . Ž . 
K , the ring of all n = n matrices with entries in a skewfield Ž . Ž . Proof. Let f g A, f / 0, with f s 0, f 0 s 1. We shall prove that f has inverse in A. This suffices to show that A is a skewfield. Indeed, if Ž . Ž . Ž . y1 g g A, g / 0. Let g s s, let h g A be given by h ys s g s , Ž . Ž . h t s 0 for all t g S, t / ys. Then f s gh s hg is such that f s 0, Ž . f 0 s 1, so f is invertible, hence so is g. < < < < We show that if f is not invertible, if is an ordinal such that ) S , Ž . then there exists a family k where each k g A, such that, assuming 
